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0. Introduction 
A species S = (F;, Jkfi)i,~~~ is a set of division rings Fi together with a set of 
Fi-F-bimodules &fj (cf. [7]). In the study of hereditary finite dimensional K- 
algebras of finite representation type an important role plays the fact that given 
such an algebra R, the category R-Mod of all left R-modules is equivalent with the 
category of representations of the species attached to R (cf. [5]). It is natural to 
suspect that a similar method can be applied to the study of hereditary pure 
semi-simple categories (see Section 4). We recall that a ring R is of finite represen- 
tation type iff the category R-Mod is pure semi-simple (cf. [4], [15]). 
In a connection with the above question we study categories of representations of 
species (not necessarily finite). In Section 2 we show that given a species S the 
category g(S), of all representations of S, is a functor category. We describe 
species S with the property that the category 92(S) is perfect i.e. every object in 
9?(S) has a projective cover. We also prove that if 9(S) is perfect then it is 
hereditary. 
In Section 3 we introduce a notion of a species S with a commutativity condition 
c and we define a category %!((s, c) of representations of (S, c). We prove that every 
hereditary perfect functor category has the form 9 (S, c). 
In Section 4 we study hereditary pure semi-simple functor categories. The main 
result asserts that a pure semi-simple functor category %-Mod (satisfying a little 
assumption) is of the form 9?(S), where S is a species, iff it is hereditary and for 
every pair of objects X and Y in E there is an integer m such that J”(X, Y)= 0, 
where J is the Jacobson radical of the category %‘. As a corollary we get the 
following result, proved by Dlab and Ringel [S] for finite dimensional algebras over 
a field. Let R be a hereditary ring of finite representation type and suppose that R 
is generated over its center by a set of cardinality <K,, the first strongly inaccessible 
cardinal number. If S is the species attached to R then R is Morita equivalent to 
the tensor algebra associated to S. An example of a hereditary pure semi-simple 
functor category which is not equivalent with a category of the form 92 (S) is given. 
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1. The additive tensor category 
D. Simon 
Let % be a skeletally small additive category (not necessarily with coproducts). 
We denote by %-Mod the category of %‘-modules i.e. covariant additive functors 
from % to Abelian groups. We will use the terminology and notation of [I 11 and 
[14]. By J(g) we denote the Jacobson radical of ?Z and by C& the tensor product 
functor 
0%: %‘“*-Mod x %‘-ModjAb. 
Let M be a (eon-‘%-bimodule i.e. M: ??” X % -Ab is an additive functor. For each 
n = 0, 1, 2, we inductively define a ~“P-~-bimodule M’“’ setting MC”‘= (. , -) 
(the Horn functor) and MC”‘= M@I~M~“~” where given %‘“P-%-bimodules N and 
K the bimodule N&K is defined by formula 
(NChK)(X, Y)= K(-, Y)O,N(X, -). 
It follows that for every object U in % there is a natural group homomorphism 
t: K(U, X)ON(Y, U)-(N&K)(Y, X). 
We will write simply a 0 b instead of t(a 0 6). 
The additive tensor category T%(M) associated to a ~“Q-~-bimodule M is defined 
as follows. F%(M) has the same objects as the category Ce and for each pair of 
objects X and Y we set 
&(M)(X, Y)= 6 M’“‘(X, Y). 
n :,I 
If f 6 M’“‘(X, Y) and g E M”“‘( Y, Z) we put 
gf = fOg E (M’“‘O,M’“‘)(X, Z)= M(“+‘“)(X, z). 
Now if 
f=fo+...+f~E~~(M)(X, Y) 
and 
g=go+. .,+gt~.T,6(M)(Y,Z) 
where fi E M”‘(X, Y) and g, E M”‘( Y, Z) we define the composition gf in F%(M) 
by formula 
(gf)n = c g,f,. 
i+j=n 
It is clear that T%(M) is an additive category. If ?Z is a ring (i.e. has only one object) 
than &,(M) is the usual tensor algebra. 
It is easy to prove the following useful result. 
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Proposition 1.1. Let %Y be a skeletally small additive category and let M be a 
~“Q-%-bimodule. Then the category Y%(M)-Mod is equivalent with a morphism 
category having as objects all morphisms in % of the form h : M&&F+ F. A 
morphism from h to h’ is a morphism u : F +F’ in %such that uh = h’(lOu). 
2. Representations of species 
Following P. Gabriel [7] a species S = (fi, iMj)i,j,t is a set of division rings F, 
together with a set of Fi-Fj-bimodules iM+ From S we derive an oriented graph r, 
with edges i - -+ * j precisely when iM, Z 0. A representation X = (X,, jqi) of the 
species S is a set of left Fi-modules Xi together with F,-homomorphisms 
jCpi:jMl@Xi+Xt foralli,jEZ, 
where 0 =OF,. The representations of a given species S form a Grothendieck 
category E(S) in which a morphism (Xi, jpi)+(Xj, ipi) is given by a set of F,- 
homomorphisms Ui : X, -+ Xl satisfying 
jCpI(UiOl)= UjjCp,. 
The additive tensor category of the species S is the category 9s = Y&M) where 9 
is the additive category whose objects are the division rings Fi, i E I, and 
The PQ-9-bimodule M is defined by formula M(E, Fj) =jM,. Observe that the 
Fj-F;-bimodule ,Mi can be considered as an 4 flP-9-bimodule if we put ,M, (Fi, Fj) = 
tMt and zero otherwise. We have 9“p-C bi >- module coproduct decomposition M = 
~jMi. Moreover it follows from the definition of 0~ that for each g-module V we 
have 
(1) tM,O,V=,MiOF, V(E). 
Using this formula it is not hard to check that for each m we have 
(2) M’“‘(E, Fj)=@,Mk,Ok,MkZO. . ‘Ok,,,M, 
where the sum runs over all paths 
.+.- . . . . . -+. 
i k, k, i 
in r,. 
Theorem 2.1. Let S = (r;l, iMj),,j,t be a species and let 9s be the additive tensor 
category of S. Then there is an equivalence R(S) = Ys-Mod. 
Proof. We define a functor %(S)+&(M)-Mod. Given a representation X = 
(Xi, jqi) of S we put X = @Xi and let cp :MOoX-+X be the morphism uniquely 
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determined by the F,-homomorphisms jvi. In view of Proposition 1.1 we have 
defined a functor which is of course an equivalence (see [5, Proposition 10.11). 
We shall need the following definition 
Definition 2.2. Let r be an oriented graph. An orientation R of r is admissible if r 
contains no infinite oriented path of the form * --f - + - + - + . . 
It is clear that if r is finite then R is admissible iff r contains no oriented circuits 
(camp. [61, P. 2). 
For each k E I we denote by Fk the representation (X,, iv*) of the species S with 
Xi = 0 for i f k, Xk = Fk and jq, = 0. 
Theorem 2.3. Let S = (F,, M,),,j,l be a species and let .Y.. be the additive tensor 
category of S. If Ts has no oriented cycles then 
(a) J(%)(Fi, F,)= Ys(F,, F,) for i #i, 
= 0 for i = i. 
(b) The category Ys-Mod is semiperfect. 
(c) Every simple object in 92(S)= &-Mod is isomorphic with a certain Fk, k E I. 
(d) If L is either a simple Y3*-module or a simple Ys-module then pd L G I. 
(e) The category Ys-Mod is perfect if and only if the orientation R of rs is 
admissible. If this is the case then 
gl.dim Y.-Mod = gl.dim FsP-Mod < 1. 
Proof. It is clear that idempotents in 3~ split and therefore (a) is a consequence of 
Lemma 1.1(b) in 1151. The statement (b) follows from (a) and Theorem 5.6 in [14]. 
Now let J = J(&). It follows from (b) and Proposition 2.3 in [3] that every simple 
object L in Ts-Mod has the form L = (Fit -)/J(Fj, -). It is easy to see that L 
corresponds to Fi under the equivalence .B (S) = Y.-Mod given in the proof of 
Theorem 2.1. Then (c) is proved. 
We will prove (d) applying a method of Jans and Nakayama [S]. We define a 
covariant functor 
t: pP-Mod+ ysp -Mod 
as follows: For an p”-module N and an object X in ys we put 
t(N)(X)=NC&hX 
where hX = Ys(X, -) is considered as an 9-module. Since the category @“-Mod is 
semi-simple and clearly t preserves projectivity then for each i t(M(-, E;)) is 
projective, where M = eiM,. On the other hand there is a morphism of Fsp- 
modules @i: t(M(-, Fi))+J(-, F;) defined by the family of natural group 
homomorphisms 
@l(Fj):M(-9 F,)@Fh’+J(F,, Fi), jg1, 
mapping each element a Of E M(Fk, Fi)O Ys(Fi, Fk) into the product af in .Ys. We 
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point out that in view of the statement (a) af E J(Fi, Fi). For if a # 0 and f # 0 then 
k f i since M(F;, Fi) = J4i = 0. Therefore u E Ts(Fk, Fi) = J(Fk, F;) and hence af E 
J(Fi, Fi) because J is a twosided ideal. 
We claim that 0, is an isomorphism. In order to prove it we observe that in view 
of formulas (1) and (2) we get isomorphisms 
M(-, Fi)OshFJ = @ Mk OFt_y.(Fj, Fk) 
i-k-l 
= s M’“‘(Fj, Fi) = J(&, Fi) 
“=* 
for all j E Z and we point out that the composed isomorphism is just the morphism 
@i(F). 
Now, if L is a simple Y_“sP-module then by Proposition 2.3 in [3] it has the form 
L = (-, Fi)/J(-, F,) for a certain i E I and we have an exact sequence 
O+J(-,E)-(-,fi)-+L+O. 
Since we have proved that J(-, fi) is a projective YgP-module then pd L s 1. If L is 
a simple &-module this inequality can be proved similarly. 
We are now going to prove the statement (e). Since the category Y.-Mod is 
semiperfect then by Theorem 5.4 in [14] it is perfect if and only if J(&) is left 
T-nilpotent i.e. given a sequence of morphisms in J(Ys) 
f(l) fc”, 
Fi,+Fi2t. . . +Fi, +F;,+,+, . . 
there is an integer n such that f”‘. . . f’“‘= 0. Furthermore, in view of the KGnig 
Graph Theorem, without loss of generality we may suppose that each f”’ belongs 
to a certain M(m;‘(Fl,+l, Fi,). Then for each II the product f(l). . . f’“’ belongs 
to @ilA41,0. . ~Ol,nMi,+l where k, = ml +. . . + m, and the sum runs over all 
oriented paths 
.+.+ . . . . . +.---*. 
il 11 1% &+I 
with 1 T, = i, for some r2 > . . . > r,. Hence if we assume that f(l). . . f’“‘# 0 for each 
n = 1,2,3,. . . then we easily conclude that the orientation 0 is not admissible. 
Conversely, assume that 0 is not admissible. Then the formula (2) allows us to 
define a morphism f” E T~(Fii+lr Fi,) for every j = 1, 2, 3, . . . such that f(l). . * f(“‘# 
0 for each n. Consequently J(T,,) is left T-nilpotent if and only if the orientation fi 
is admissible. 
Now suppose that Ys-Mod is perfect. Then we have 
gl.dim Ys-Mod = w.gl.dim &-Mod = w.gl.dim Fsp-Mod 
c gl.dim psp -Mod 
and to finish the proof of (e) it is sufficient to show that gl.dim Ysp -Mod c 1. For let 
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N be a YSP-module. By Theorem 5.4 in [14] we know that every nonzero y?- 
module contains a nonzero simple submodule. Then using arguments of Auslander 
[l] N can be expressed as a transfinite directed union of submodules NC, 5 < y, 
where y is an ordinal number, such that for each 6 the module Ns+r/NC is simple. 
Then applying [l] and (d) we get pd N < sup pd N,+,/N, s 1. The proof of the 
theorem is complete. 
3. Species with a commutativity condition 
Let S = (Fi, iMj>l,,EI be a species. A commututivity condition c of S is a collection 
of Fi-F;-bimodule homomorphisms 
Cijk 1 iMk O kMj + IMj 
defined for some indexes i, k, j E Z and satisfying the following conditions: 
(i) If c,,k and Cjks XX? defined then Ciks(Cijk 8 1) = Cijs(I @Cjks). 
(ii) For each i E Z ci<a is defined and it determines a ring structure on ,Mi such that 
F, is a subring of iM,. 
(iii) For every pair i, k E Z c,,k and ckil are defined and determine an &fi-kMk- 
bimodule structure on iMk which is an extension of the Fi-Fk-bimodufe structure of 
iMk. 
We say that c is a full commutativity condition if ci,k is defined for all i, j, k E I. 
Let (S, c) be a species with a commutativity condition. A representation of (S, c) is 
a representation (Xii, iqi) of S satisfying the following conditions: 
(a) If Ckji iS defined then k(Pi(ck,i @ I)= k(P,(l OjCpt). 
(b) For each i the homomorphism icpi defines an ;M,-module structure on Xi 
which is an extension of the F;-module structure of X,. 
We denote by %! (S, c) the category of all representations of (S, c). It is of course a 
Grothendieck category. 
Lemma 3.1. Let S = (F,, ,Mj),,jtl be a species with a full commutativity condition C. 
There is an equivalence 
% (S, c) = P’s-Mod 
where 9s is the additive category with objects Pi, i E Z, and 
Pj)X (Pk, Pi)+ (Pk, P,) is given by formula gf = 
Cku (g @f ). 
Proof. If N is a !Y’s-module then we define a representation (Xi, jpi) in %!(S, C) 
putting X, = N(Pi) and 
ipi(t@J~)= N(t)a for all i, j E Z 
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It is easy to prove that this correspondence defines the required equivalence and 
the lemma is proved. 
Let us observe that for a species S = (F,, IMj),,i,l with I = {l, 2) and a com- 
mutativity condition c the category %!(S, c) is equivalent with the category of all left 
modules over the generalized matrix ring 
with the obvious multiplication induced by c. 
Proposition 3.2. Let %-Mod be a perfect category and let Pi, i E I, be a complete set of 
representatives of isomorphism classes of indecomposable projective %-modules. 
Suppose that %-Mod has the following property : 
(*> For any i, 1 E I every morphism from Pi to P, is either zero or a monomorphism. 
If F, = (Pi, Poop, iMi = (Pi, Pi) and c,ik I iMi OiMk -,Mk is given by the formula 
cijk ( f @ g) = fg then S = (Fi, rMi)i,jet is a species with the full commutativity condition c 
and there is an equivalence %-Mod = %(S, c). 
Proof. First we observe that each F, is a division ring. For, if f: P, + P, is a nonzero 
morphism then by the property (*) it is a monomorphism. If f is not an isomorphism 
then by Lemma 1.1(b) in [ 151 f belongs to the Jacobson radical of F,. Since %-Mod is 
perfect then by Corollary 5.2 in [14] F, is left perfect. Hence f” = 0 for a certain n. 
This is a contradiction because f is a monomorphism. Consequently, for every i E IF, 
is a division ring and it is easy to verify that (S, c) is a species with the commutativity 
condition c. Further, by Lemma 3.1 there is an equivalence ?i? (S, c) = Pop-Mod 
where 9 is the full subcategory of %-Mod consisting of all modules Pi, i E I. Since 
there is an obvious equivalence E-Mod = Pop-Mod, the proposition is proved. 
The condition (*) is studied in [ 121. It is clear that any hereditary perfect functor 
category has the property (*). Another examples of functor categories with the 
property (*) are given by the following 
Proposition 3.3. Suppose that %-Mod is a semiperfect category such that the 
endomorphism ring of any indecomposable projective %-module is a division ring. 
Then %-Mod has the property (*) if and only if there exists a species S = (F,, ,M,),,tE1 
with ,Mi = Fi for all i E I and a full commutativity condition c of S such that 
%-Mod = %! (S, C) and every map c,,k : IM, O jMk + iMk has the property : 
(**) c,,k(x @ y) = 0 if and only if either x = 0 or y = 0. 
Proof. If %-Mod has the property (*) then we take for (S, c) the species constructed 
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in the proof of Proposition 3.2. Since the composition of any two monomorphism is a 
monomorphism then c has the property (**). Applying arguments from the proof of 
Proposition 3.2 we get an equivalence %-Mod = %!(S, c). Conversely, suppose that 
%-Mod = ?i? (S, c) and c has the property (**). By Lemma 3.1 we have %? (S, c) = gs- 
Mod. We shall show that %(S, c) has the property (*). For letf: P, + P, be a morphism 
in %(S, c) with Pi and Pj from Ps and Ker f # 0. Since Pi, i E I, is a set of projective 
generators in %?(S, c) then there is a nonzero map g: Pk + Ker f with k E I. Since 
0 =fg = ciik(fOg) then (**) yields f= 0. The proof is complete. 
4. Pure semi-simple categories 
We recall that a Grothendieck category ti is pure semi-simple if each of its objects 
is a direct sum of finitely presented objects (cf. [14-161). In this section we give a 
characterization of necessary and sufficient condition for a given pure semi-simple 
functor category to be of the form Z(S) where S is a species. Before proving our main 
theorem we need some preliminary results. 
Lemma 4.1. Let B be a locally finitely presented Grothendieck category such that 
every of its finitely presented objects is a finite direct sum of indecomposable objects. If S 
is a pure semi-simple Grothendieck category and there is a full and faithful functor 
B -+ ~4 then % is pure semi-simple. 
Proof. Apply Theorem 1 in [9]. 
Lemma 4.2. Let % be a skeletally small additive category and let Z. be its full additive 
subcategory. Then there exists a full and faithful functor %T-Mod-+ %OP-Mod which 
carries over finitely presented modules into finitely presented ones. If %?“‘-Mod is pure 
semi-simple then %i” -Mod is pure semi-simple too. 
Proof. The first part is an immediate consequence of Proposition 3.1 in [2]. In order 
to prove the second part observe that if EoQ- Mod is pure semi-simple it is semiperfect 
and by Theorem 5.6 in [14] %‘T-Mod is semiperfect, too. Then our result is an 
immediate consequence of Lemma 4.1. 
Proposition 4.3. Let S = (F,, J4j)i,jtt be a species and let Ts be the oriented graph of S. 
If the category CR(S) is pure semi-simple then for every i in Ts there is only a finite 
numberofpathsoftheformi*-++....*-+*. 
Proof. Suppose at contrary that there is i0 E Ts and an infinite number of oriented 
paths starting with i,,. Since B(S) is pure semi-simple then by Theorem 2.3 the 
orientation of r, is admissible. It follows that there exists a sequences of paths 
yk:jo’-+.+.....-+.jk, k = 1, 2, 3, . . . , 
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with the property that the vertices ii, . . . , jk-1, jk+l, . . . do not belong to the path Yk 
for k = 1, 2, 3, . . . Let To be the union of all paths yl, ~2, y3, . . and let I0 be the set 
of all vertices on r,. Furthermore we define the species So = (k;, iMy)i,,EIO setting 
&Zp = 
1 
J4j, if there is an edge i * + * j in Z,, 
0, otherwise. 
It is clear that T,, = Z,,. Consider the functor 6%?(&)--+%(S) defined by the cor- 
respondence (X7, jpy)H(Xi, jpi) where 
Xi = 1 Xp foriEZO, 0 for ig Z,, 
0 
i4087 if there is an edge j - + - i in Z’,, 
j’pi = 
0, otherwise. 
It is clear that we have defined a full and faithful functor and therefore by Lemma 4.1 
the category 9?(&) is pure semi-simple. 
We now consider the representation F = (Fi, jpi) in 9?(S0) where 
i’p, : &fP OFzFi + F;, i, j E lo, 
is a fixed nonzero Fj-homomorphism whenever $Zp # 0 and ,pi = 0 otherwise. It is 
easy to check that F is indecomposable. We shall show that F is not of finite type. For 
this purpose we observe that by the definition of Z0 there is no oriented path of the 
formjk’-+“” .~.twheret~Zoandk=1,2,3,....Thenbythedefinitionofthe 
additive tensor category Y.., and the formula (2) we have Ys,(F,, Fjk) = 0 for all t E Z, 
and k = 1,2,3, . . . . But by Theorem 2.1 we know that %!(&) = &“-Mod. Let L be 
the Ys,-module which corresponds under this equivalence to F. It is easy to check 
that L is finitely generated if and only if there exist indexes tl, . . . , t, E lo and 
elements xiEL(Fti)=F,,, i- 1,. . , r, such that every element x E L(Fj) = Fj, j E IO, 
has the form 
(3) x = i L(fi)x, 
i=l 
with certain morphisms fi: F,, + Fj in .TsO (see [ 111, p. 18). Assume that L is finitely 
generated and let tl,. . . , t, and x1,. . . ,x, be as above. It follows from our 
properties of the paths yi, . . . , yk, . . . that there exists an integer n such that jn # ti 
fori=l,..., r. Since we know that Ys,(F,,, Fj”) = 0 for i = 1, . . . , r then in view of (3) 
Fj,, = L(Fj”) = 0. This is a contradiction. Consequently, the representation F is 
indecomposable and not of finite type. But this is a contradiction with the fact that the 
category %((so) is pure semi-simple and finishes the proof of the proposition. 
Let A and B be rings and aMs an A-B-bimodule. The center of *Ms is defined to 
be the center of the matrix ring (^’ M 0, s) (cf. [ 131). We say that M is enough small ouer its 
center 2 if M is generated over 2 by a set of cardinality less than K,, the first strongly 
inaccessible cardinal number. 
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Lemma 4.4. Let P and Q be W-modules such that F = (P, P) and G = (Q, Q) are 
division rings and assume that (P, Q) = 0 and the F-G-bimodule M = (Q, P) is 
enough small over its center. If the category %-Mod is pure semi-simple then the ring 
.A = ((:: g) is right pure semi-simple and FMc; is a simple F-G-bimodule. 
Proof. Let 9’ be the full subcategory of %-Mod consisting of inde :omposable 
projective modules and let 9”. be its full subcategory consisting of two objects P and 
Q. Since 
%-Mod = P”P-Mod and PEP-Mod = Mod-.4 
then the first part of the lemma immediately follows from Lemma 4.2. In order to 
prove the second part of the lemma assume at contrary that M is not simple. It 
follows that (dim ,=M)(dim MC) Z= 4. 
First suppose that (dim FM)(dim MG) = 4. By Theorem 4 in [ 131 we know that 
there exist a field K and a full and exact embedding of the category fd-K[X, E, 61 of 
all finite dimensional K[X, E, S]-modules into the category l(FMG) of all finite 
dimensional representations of the bimodules FMG where K[X, E, 61 is a skew 
polynomial ring in one variable, for some automorphism E and some (1, e)-deriva- 
tion 6 of K. Since 1 &MG) is equivalent with the category fp,, of all finitely presented 
right A -modules and the Jacobson radical of the category fd-K[X, E, S] is not right 
T-nilpotent then the Jacobson radical of fp., is not right T-nilpotent too. Then by 
Theorem 6.3 in [14] is not right pure semi-simple. 
Now suppose that (dim .=M)(dim MG) 3 5. By Theorem 5 in [ 131 there exist a field 
K and a full and exact embedding 
Mod-K(X, Y)+Mod-d 
where K(X, Y) is the free associative algebra in two variables over K. Hence in this 
case A is not right pure semi-simple. From this contradiction we conclude that the 
bimodule ,=MG is simple and the lemma is proved. 
We are now able to prove the main result of this section 
Theorem 4.5. Let % be a skeletally small additive category such that for every pair of 
indecomposable projective g-modules P and Q the (P, P)-(Q, Q)-bimodule (Q, P) is 
enough small over its center. If %-Mod is pure semi-simple then the following two 
conditions are equivalent: 
(a) E-Mod is hereditary and for every pair of objects X and Yin %? there exists an 
integer m such that J”(%)(X, Y) = 0. 
(b) There exists a species S = (Ft, iMt)l,tci such that W-Mod g 9?(S). 
Proof. (b) + (a). By Theorem 2.1 we have %-Mod = 9?.(S) = &-Mod where 5~ is 
the additive tensor algebra of the species S. Since %!(S) is pure semi-simple then by 
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Theorem 2.3(e) it is hereditary. Further, it is not hard to check that 
J”(Ys) = M’“‘@M’““‘@. . 
Now fix two objects Fi and Fj in 5s. It follows from Proposition 4.3 that there exists 
an integer m such that there is no path of the formj - + - -+ * . . . * + * i of length >m 
in Z,. Then the formula (2) yields Mck)(Fi, Fj) = 0 for all k 3 m and therefore 
J”(.TTs)(F,, Fj) = 0. Then the second part of the statement (a) can be easily deduced. 
(a)+(b). The general idea of the proof is due to Dlab and Ringel [6], Prop- 
osition 10.2. Let 9 be the full subcategory of %-Mod consisting of representatives of 
isomorphism classes of all indecomposable projective modules Pi, i E I. Then Z$ f P, 
if i fj. Clearly there is an equivalence %-Mod = 9?“p-Mod. We define the species 
S = (Fi, &fj)i,jtl setting Fi = (P,, P,)Op and 
J4j = 
i 
(Pi, Pj) if i #j and JqS)(P;, P,)= 0, 
0 4 -’ in the opposite case. 
It follows from Proposition 3.2’that Fi is a division ring for all i E I. Let .Ys = Y&V) 
be the additive tensor category of the species S (cf. Section 2). We have the additive 
functor 
defined by f(F;)= Pi and fM(Fi, Fj)= jMi. It follows from our assumption that for 
every i, j E Z there is a minimal m such that J”(LY)(Pj, Pi) = 0. Moreover, since 
%-Mod is hereditary then either (P,, Pj) = 0 or (Pj, Pi) = 0 provided i # j. NOW let i # j 
and suppose (Pj, P,) # 0. By Lemma 4.4 the Fj-F;-bimodule (Pj, Pi) is simple. Then 
we have 
(pj, Pi) = J(!Y)(P,, Pi)= ’ ’ ’ =J”-‘(g)(Pj3 Pt). 
Hence every morphism from Pj to Pi is a finite sum of morphism of the form 
where 
J*(S)(Pi,,Pi,+,)=O fork=O,. . . ,s-1. 
It then follows that the functor f is full. We shall show that f is an equivalence. 
Let K denote the twosided ideal of Ker f in & and let J = J(Ys). It is not hard to 
check that f induces an isomorphism (Fi, -)/K (Fi, -)s (-, Pi). More generally, f 
induces an equivalence of the category 9”’ -Mod with the full subcategory of 
&-Mod consisting of all modules which are annihilated by K. 
We claim that Ys-Mod is perfect. In fact, by Theorem 2.3(e) this is equivalent to 
the fact that there is no infinite path of the form * + * -+ - -+ . . in Ts, what means 
i, 12 i3 
exactly that there is no infinite sequence of monomorphisms P,,-+ Pi,‘P,,*. . . 
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where J2(9)(Pi,, Pi,,,) = 0 for k = 1,2, 3, . . (‘%-Mod is hereditary). But this is the 
case because Pop-Mod is perfect and Ilence every such a sequence is right T- 
nilpotent (see [14], Theorem 5.4). 
We now consider the exact sequence of Pop-modules 
O+K(Fi, -)/JK(F,, -)+N:J(E;, -)/K(Fi, -)+O, 
with N =.l(k;, -)/JK(F’i, -), induced by the natural inclusions JK(Fi, -)c 
K(Fi, -)c J(Fi, -). Since f induces the isomorphism .I(??““) = J/K then 
K(F;, -)/JK(Fi, -)c (J/K)N = NJ(B). 
Since Pop-Mod is pure semi-simple then J(P) is right T-nilpotent and by Lemma 5.3 
in [14] NJ(P) is superfluous in N, so h is a minimal epimorphism. On the other hand 
we have a monomorphism of Pop-modules 
J(ET -)/K(F,, -)+ (E, -)/‘K(E, -)s (-3 Pi). 
Since PO”-Mod is hereditary the left hand Pop- module is projective and therefore h 
is an isomorphism. Hence K(E;, -)= JK(F,, -). But we know that J is left T- 
nilpotent then by Lemma 5.3 in [14] K(Fi, -) = 0. Consequently K = 0, f is an 
equivalence and we have equivalences 
%-Mod = Pop-Mod = Fs-Mod = 9?(S). 
The theorem is proved. 
As an immediate consequence of Theorem 4.5 we get the following result, proved 
by Dlab and Ringel [5] for finite dimensional algebras over a field. 
Corollary 4.6. Let R be a hereditary ring and suppose that R is enough small over its 
center. Let S be the species attached to R (cf. [5]). If R is offinite representation type then 
R is Morita equivalent to the tensor algebra associated to S. 
Now we give an example of a hereditary pure semi-simple functor category which 
is not of the type %(S) where S is a quiver. 
Example. Let K be a field. Consider the quiver (cf. [7] for definition) 
Ql /4% .-j.+ . . . .. ---, . . . ..
Let us denote by 92 the category of all K-representations of Q 
/YOb 
“I-3 v* +. . . -+ V” -+ v,t+, -. . . 
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with all triangles commutative. We know by [16] that 9 is a hereditary pure 
semi-simple functor category. It is not hard to check that 9 does not satisfy the 
condition (a) of Theorem 4.5. Then 2 is not equivalent to a category of the form 
g(S) where S is a species. 
We finish this section by some remarks on representations of partialty ordered 
sets. 
Let I be a partially ordered set and let K be a field. We consider I as a category. 
The category Z(I) of all covariant functors from I to K-vector spaces is called the 
category of K-representations of I (cf. [lo]). It is clear that Z’(l)= %(S, c) where 
S = (Fi, Mj>i,jcI is the species with Fi = K for all i E I, iA4, = K if i c j and J4j = 0 
otherwise. The map Cijk is the obvious isomorphism if JUj # 0 # ,Mk and it is zero in 
the opposite case. It is clear that T(1) has the property (*) and if I is of finite type (cf. 
[lo]) then T(I) is the category of all modules over a finite dimensional K-algebra of 
finite representation type. 
Now suppose that A is a finite dimensional K-algebra of finite representation type. 
If A-Mod has the property (*) then by Proposition 3.2 there exists a K-species (cf. 
[71) S = (Ei, Mj>i,,tI with a commutativity condition c such that A-Mod = B(S, c). If 
K is algebraically closed then Fi = K for all i E I and by Lemma 4.4 iMj = K provided 
it is nonzero. We define a partial order in I setting i 2 j iff Jo; # 0. One can easily 
check that 2 (S, c) = Z(l). Then we have proved the following result: 
Corollary 4.7. Let A be a finite dimensional algebra over an algebraically closed field 
K. A is of finite representation type and A-Mod has the property (*) if and only if 
A-Mod = Z(I) where I is a partially ordered set of finite type. 
Note added in proof 
Since the proof of Theorem 2.3 in [15] is not correct then we need in Lemma 4.4 
and Theorem 4.5 the additional assumption that the (P, P)-module (Q, P) is finitely 
generated. 
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